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Calvaruso [C06) , .
Theorem 1 $([C06])$ . $(M, g)$ 3 .
, $(M, g)$ , 3
.
, Sekigawa [S77]
Theorem 2 $([S77])$ . $(M, g)$ 3 .
, $(M,g)$ , 3
.
. , 3 , Milnor
[M76] .
, 3 . $\{F_{1}, F_{2}, F_{3}\}$ $T_{p}M$ pseudo
orthonormal basis, ,
$g(F_{1}, F_{1})=g(F_{2}, F_{2})=-g(F_{3}, F_{3})=1$
. $F_{1}$ $F_{2}$ space-like, $F_{3}$ time-like .
$Ric$ . ,
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$Q,$ $g(QX, Y)=Ric(X, Y)$ self-adjoint . $Q$
, , 4
. ( Segre type . )
Segre type{11, 1} : $(\begin{array}{lll}a 0 00 b 00 0 c\end{array})$ ,
Segre type $\{1, z\overline{z}\}$ : $(\begin{array}{lll}a 0 00 b c0 -c b\end{array})$ ,
Segre type{21} : $(\begin{array}{llll}a 0 00 b \epsilon 0 -\epsilon b -2\epsilon\end{array})$ ,
Segre type{3}: $(\begin{array}{lll}b a -aa b 0a 0 b\end{array})$ ,
homogeneous , $Q$ $M$ $P$ Segre type ,
.
$\nabla_{F_{\mathfrak{i}}}F_{j}=\sum\epsilon_{j}B_{ijk}F_{k}$ , $\epsilon_{1}=\epsilon_{2}=-\epsilon_{3}=1$
. $B_{ijk}$ $\Gamma_{ij}^{k}$ . Bijk , 1
.
, 3 $G$ $g_{i}$ .
Calvaruso([C06]) , .
, $G$ unimodular ,
$[F_{1}, F_{2}]=\alpha F_{1}-\beta F_{3}$
$(g_{1})$ : $[F_{1}, F_{3}]=-\alpha F_{1}-\beta F_{2}$
$[F_{2}, F_{3}]=\beta F_{1}+\alpha F_{2}+\alpha F_{3}$ , $\alpha\neq 0$ .
, $\beta\neq 0$ $G=O(1,2)$ , $SL(2, \mathbb{R})$ , $\beta=0$ $G=E(1,1)$ .
$[F_{1}, F_{2}]=\gamma F_{2}-\beta F_{3}$
$(\mathfrak{g}_{2})$ : $[F_{1}, F_{3}]=-\beta F_{2}-\gamma\ovalbox{\tt\small REJECT}$
$[F_{2}, F_{3}]=\alpha F_{1}$ , $\gamma\neq 0$ .
112





$[F_{2}, F_{3}]=\alpha F_{1}$ .
1: $(G,g_{3})$
$[F_{1}, F_{2}]=-F_{2}+(2\epsilon-\beta)F_{3}$
$(g_{4})$ : $[F_{1}, F_{3}]=-\beta F_{2}+F_{3}$




, $G$ non-unimodular ,
$[F_{1}, F_{2}]=0$
$(g_{5})$ : [ $F_{1}$ , FF3] $=\alpha$Fl $+\beta$ FF
$[F_{2}, F_{3}]=\gamma F_{1}+\delta F_{2}$ , $\alpha+\delta\neq 0,$ $\alpha\gamma+\beta\delta=0$ .
$[F_{1}, F_{2}]=\alpha F_{2}+\beta F_{3}$
$(g_{6})$ : $[F_{1}, F_{3}]=\gamma F_{2}+\delta F_{3}$
$[F_{2}, F_{3}]=0$ , $\alpha+\delta\neq 0,$ $\alpha\gamma+\beta\delta=0$ .
$[F_{1}, F_{2}]=-\alpha F_{1}-\beta F_{2}-\beta F_{3}$
$(g_{7})$ : $[F_{1}, F_{3}]=\alpha F_{1}+\beta F_{2}+\beta F_{3}$
$[F_{2},$ $F_{3}]=\gamma F_{1}+\delta F_{2}+\delta F_{3}$ , $\alpha+\delta\neq 0,$ $\alpha\gamma=0$ .














$(g_{3})$ : $[F_{1}, F3]=$ - $\beta$FF
$[F_{2}, F_{3}]=\alpha F_{1}$ .
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$(\alpha, \beta, \gamma)=(+, 0,0)$ ) $[F_{1}, F_{2}]=0,$ $[F_{1}, F_{3}]=0,$ $[F_{2}, F_{3}]=$
$\alpha F_{1}$ , $g_{1}$ , $(\alpha, \beta, \gamma)=(0,0, -)$
, $[F_{1}, F_{2}]=-\gamma F_{3}$ , $[F_{1}, F_{3}]=0,$ $[F_{2}, F_{3}]=0$ ,
$g_{2}$ . $g_{3}$ ,
$[F_{1}, F_{2}]=-F_{2}+(2\epsilon-\beta)F_{3}$
$(g_{4})$ : $[F_{1}, F_{3}]=-\beta F_{2}+F_{3}$
$[F_{2}, F_{3}]=\alpha F_{1}$ , $\epsilon=\pm 1$ .
$(\alpha, \beta, \epsilon)=(0,1,1)$ , $[F_{1}, F_{2}]=-F_{2}+F_{3},$ $[F_{1}, F_{3}]=-F_{2}+$
$F_{3},$ $[F_{2},$ $F_{3}|=0$ , $(\alpha, \beta, \epsilon)=(0, -1, -1)$ ,
$[F_{1}, F_{2}]=-F_{2}-F_{3},$ $[F_{1}, F_{3}]=F_{2}+F_{3},$ $[F_{2}, F_{3}]=0$ ,
$g_{3}$ .
$g_{i}$ , . , Turhan[T08]
$\bullet$ $g_{1},$ $g_{2},$ $g_{3}$ ( , $-\infty<t<+\infty$ . )
.
Rahmani [R92], [RR06]
$\bullet$ Killing vector field , $g_{1},$ $g_{2}$ 4
, $g_{3}$ 6 ,
.
, 3 ( $g_{1}$ ) . ,
. .
, $g_{1}$ , $g_{2},$ $g_{3}$ . frame$\{F_{i}\}$
coframe $\{\theta\}$
$g_{k}=(\theta^{1})^{2}+(\theta^{2})^{2}-(\theta^{3})^{2}$ , for $k=1,2,3$
, $0$ ,
$g_{1}$ : $[F_{2}, F_{3}]=F_{1}$
$g_{2}$ : $[F_{1}, F_{2}]=-F_{3}$
$g_{3}$ : $[F_{1}, F_{2}]=[F_{1}, F_{3}]=-F_{2}+F_{3}$
. , , , .
-lIli’- . I}-l $1i.g_{1},$ $g_{2},$ $g_{3}$ $0$
.
$g_{1}$ : $R_{11}=- \frac{1}{2},$ $R_{22}= \frac{1}{2},$ $R_{33}=- \frac{1}{2}$ ,
$g_{2}$ : $R_{11}=- \frac{1}{2},$ $R_{22}=- \frac{1}{2},$ $R_{33}= \frac{1}{2}$ ,
$g_{3}$ : $R_{ij}=0$ .
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$g_{2}$ $-1/4$ , $g_{3}$ $0$
. $g_{1}$ $R_{11}=-1/2(g_{1})_{11},$ $R_{22}=1/2(g_{1})_{22}$




$M^{n}$ $g_{0}$ , $X$ $\alpha$
$2Ric[g_{0}]+L_{X}g_{0}+\alpha g_{0}=0$ (12)
, $(M^{n}, go, X, \alpha)$ ,
$g_{0}$ . , $X$ $X=\nabla f$ $f$
, $g_{0}$ . ,






Example 4 (Perelman[P02]). $\mathbb{R}^{2}$ $g_{st}$
. , $X$
$X=- \frac{1}{2}(\alpha x+\beta y)\frac{\partial}{\partial x}+\frac{1}{2}(\beta x-\alpha y)\frac{\partial}{\partial y}$
. $\alpha$ , $(\mathbb{R}^{2}, g_{st}, X, \alpha)$









Example 5 (The cigar soliton $[CK04]$ ). $(\mathbb{R}^{2}, g_{\Sigma})$ $9\Sigma$






Example 6 $([BD07], [L07])$ . Heisenberg $H_{3}$
.
, Baird Danielo, Lott . Lauret $[L03]$
, Heisenberg , isometry scaling
modulo , Heisenberg
.
, , Heisenberg $g_{1}$
.




, $(f^{i}, \alpha)$ (12) .
, $X$ modulo
.





, $E(2)$ . ,
$(g_{3})$ : $[F_{1}, F_{2}]=-\gamma F_{3},$ $[F_{1}, F_{3}]=-\beta F_{2},$ $[F_{2}, F_{3}]=\alpha F_{1}$ .
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$\bullet$ $(\alpha, \beta, \gamma)=(+, +, 0)$ , $\alpha=\theta=1$ ,
$[F_{1}, F_{2}]=0,$ $[F_{1}, F_{3}]=-F_{2},$ $[F_{2}, F_{3}]=F_{1}$ .
, , 2
.
$\bullet$ $(\alpha, \beta, \gamma)=(+, 0, -)$ , $\alpha=-\gamma=1$ ,




$(g_{4})$ : $[F_{1}, F3]=$ -$\beta$F2 $+$ F
$[F_{2}, F_{3}]=\alpha F_{1}$ , $\epsilon=\pm 1$ .
$\bullet$ $(\alpha, \beta, \epsilon)=(+, 1,1)$ , $(-, -1, -1)$ ,
$g_{3}$ . ,
.
Calvaruso [C06] , $E(2)$
, 3 .
, 2, 3 $0$
. , 1 .
$E(2)\cong \mathbb{R}^{3}$ , $\mathbb{R}^{3}$ . $E(2)$
$g_{1}$ .
$g_{1}=(\sin ydx+\cos ydz)^{2}+dy^{2}-(\cos ydx-\sin ydz)^{2}$ , (14)
, pseudo-orthonormal frame
$F_{1}= \sin y\frac{\partial}{\partial x}+\cos y\frac{\partial}{\partial z},$ $F_{2}= \frac{\partial}{\partial y},$ $F_{3}= \cos y\frac{\partial}{\partial x}-\sin y\frac{\partial}{\partial z}$ ,
, coframe
$\theta^{1}=\sin ydx+\cos ydz,$ $\theta^{2}=dy$ , $\theta^{3}=\cos ydx-\sin ydz$ .
. $g_{1}$ $g_{1}=(\theta^{1})^{2}+(\theta^{2})^{2}-(\theta^{3})^{2}$ , $[F_{1}, F_{2}]=$
$-F_{3},$ $[F_{2}, F_{3}]=-F_{1},$ $[F_{3}, F_{1}]=0$ .
118
, $g_{1}$ Levi-Civita connection
$(\nabla_{F_{i}}F_{j})=(\begin{array}{lll}0 -F_{3} -F_{2}0 0 0-F_{2} F_{1} 0\end{array})$ ,
, Ricci tensor Ricci tensor $R_{22}=2$ .
$g_{1}$ ,
.
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